In recent years, unmanned surface vehicles have been widely used in various applications from military to civil domains. Seaports are crowded and ship accidents have increased. Thus, collision accidents occur frequently mainly due to human errors even though international regulations for preventing collisions at seas (COLREGs) have been established. In this paper, we propose a real-time obstacle avoidance algorithm for multiple autonomous surface vehicles based on constrained convex optimization. The proposed method is simple and fast in its implementation, and the solution converges to the optimal decision. The algorithm is combined with the PD-feedback linearization controller to track the generated path and to reach the target safely. Forces and azimuth angles are efficiently distributed using a control allocation technique. To show the effectiveness of the proposed collision-free path-planning algorithm, numerical simulations are performed.
Introduction
In the early 1970s, the International Maritime Organization (IMO) published international regulations for preventing collisions at sea (COLREGs). They outlined procedures that regulate traffic of vessels and reduce traffic-related accidents at sea which are mainly due to human errors. In 2005, the IMO advocated on-board integration of sensors, digital information processing, and their management in order to increase the safety and reduce marine accidents, which will also reduce financial losses that affect the marine sector. During the last decade, marine traffic has increased and currently ranges from civil applications (oil and gas exploration, transportation, etc.) to military applications (surveillance, mine detection, etc.). Therefore, the level of autonomous navigation of vessels should be increased and automatic obstacles avoidance should also be included in navigation systems, while respecting maritime traffic rules (Campbell et al., 2002) . Consequently, autonomous navigation of surface vehicles, in the presence of other * Corresponding author maritime traffic, will increase the safety, reliability and reduce the occurrence of vessels collisions.
Vessel collision avoidance becomes an important area in the maritime science.
Many researchers and experts investigated various strategies for collision avoidance of ships at sea. Most of the proposed solutions are based on metaheuristic techniques (Statheros et al., 2008) or stochastic search algorithms (Kim et al., 2017) . This is due to the fact that a multi-objective optimization problem under various constraints is encountered during the navigation. Perera et al. (2011) proposed a fuzzy-logic-based decision-making system for collision avoidance in oceanic navigation. Liu and Shi (2005) combined the fuzzy logic approach with neural networks to quantify collision avoidance decisions.
Most of these developed algorithms obey the rules of the road (COLREGs) (Benjamin et al., 2006; Statheros et al., 2008) . Kuwata et al. (2014) utilized the velocity obstacle approach to develop an autonomous motion-planning algorithm for unmanned surface vehicles (USVs). A multi-objective optimization algorithm was 760 R. Hedjar and M. Bounkhel adopted by Xu et al. (2014) to search for an optimal collision avoidance strategy. The artificial potential field method is proposed for multi-ship collision avoidance by Wang et al. (2017) . An ant colony optimization approach was used by Lazarowska (2015) to generate a safe path of a ship navigating in a dynamic environment. The proposed solution can be used in decision support systems on board to generate a safe trajectory. Erol et al. (2018) used a neuro-fuzzy approach and genetically optimized fuzzy classifiers to analyze marine accidents occurring inside narrow, shallow and busy waterways. The modified Wolf Pack algorithm is proposed by Zhang et al. (2017) to overcome the slow convergence rate and to improve the accuracy of the algorithm. The enhanced algorithm was applied for safety path planning of underwater vehicles. It should be noted that most of previous techniques are based on metaheuristic methods (nature-inspired approaches) that are approximate, non-deterministic, and the optimization problem must be solved on-line with computational complexity (Kvasov and Mukhametzhanov, 2018) .
The algorithm described in this work addresses mainly the hazard collision avoidance for stationary and moving obstacles for unmanned surface vehicles operating alongside with other USVs. The algorithm is able to generate a safe path on-line by solving a constrained convex optimization problem. In practice, human operators neglect the COLREGs and this negligence is a cause of many maritime traffic accidents. Statheros et al. (2008) mentioned that 56% of ship accidents were mainly due to the human navigators that had not obeyed the rules of the road. Consequently, the proposed algorithm can be used in the second level as an emergency obstacle avoidance scheme while the algorithm that obeys the rules of the road (COLREGs) can be put in the first level.
In this work, an online path-planning algorithm for multiple USVs exploits the solution of a quadratic optimization problem with inequality constraints. Therefore, the main contribution of this work lies in the conversion of the navigation problem of USVs to a constrained quadratic (convex optimization) problem where the optimal safe direction is obtained explicitly. In this structure, each USV plans its own path based on the presence of static or moving obstacles. Therefore, each ship considers all other ships in the vicinity as obstacles.
The advantage of the proposed method over metaheuristic methods (Liu and Shi, 2005; Perera et al., 2011) is that it needs less processing time to reach an optimal decision. On the other hand, compared with the potential field method (Wang et al., 2017) , the proposed solution is obtained by solving a convex optimization problem where the solution converges to a global optimum. Further, a control allocation approach is employed to allow efficient distribution of the control tasks over actuators.
The paper is organized as follows. Section 2 establishes the mathematical model of multiple marine surface vehicles. A state feedback linearization control approach combined with an allocation control scheme is described in this section. The problem formulation of the emergency obstacle avoidance algorithm is presented in Section 3. To assess the tracking performances of the proposed algorithm, numerical simulations are performed and the results are shown in Section 4. Section 5 contains some concluding remarks and summarizes the presented approach.
Modelling and control of multiple surface vessels
In this work we focus on a group of marine vessels, so the dynamic equation of a single marine craft is first considered and the dynamic model of a set of USVs is described in the next section. To this end, we consider the standard notation used in the marine field, where {I} denotes the inertial coordinate frame, while {B} the body-fixed coordinate frame attached to the centre of the vehicle. Thus, the dynamic model of the i-th ship in the body-fixed frame B is given as (Fossen, 1994; Skjetne et al., 2005) 
where R(·) ∈ SO(3), SO(3) is the special orthogonal rotation matrix group, M i is the inertia matrix,
] T corresponds to a slowly varying unknown disturbance due to external forces (wind and waves) acting on the i-th ship. For surface vessels, a common used approximation from 6 DOFs to 3 DOFs is the horizontal plane model in surge, sway and yaw. Therefore, the variables of the model (1) in 3 DOFs form η i = [x i y i ψ i ] T , the position-orientation vector. The orientation angle ψ i is the heading angle of the i-th ship in the inertial frame.
Here v i = [u ϑ r] T is composed of the linear velocities (u, ϑ) (or surge-sway) and the angular rate r (or yaw). For small roll and pitch angles and no heave, the transformation matrix between the two frames can be approximated by
The inertia matrix (including added mass) is given as An automatic collision avoidance algorithm for multiple marine surface vehicles 761 follows (Fossen and Johansen, 2006; Skjetne et al., 2005) :
The Coriolis-centripetal matrix is
Note that the coefficients {X (·) , Y (·) , N (·) } denote the hydrodynamic parameters (Skjetne et al., 2005) . The control vector τ i = [τ u τ ϑ τ r ] T is composed of generalized forces and moments generated by the propeller revolutions and rudder angles.
Mathematical model of a set of USVs.
Consider a set of N marine crafts with the position given by η i , inertia matrix M i , velocity v i and so on for all variables given in (1) for i = 1, 2, . . . , N. To express the dynamic equation of the set of marine crafts in compact form, we collect all vectors and matrices in new ones. Indeed, the Cartesian position and the orientation of a group of marine crafts at sea is defined by the 
where
State feedback linearization control. The feedback linearization is a transformation map used to transform a nonlinear system dynamics to a linear system dynamics in order to use various linear controllers available in the literature (Fossen and Johansen, 2006) . In this work, the position tracking control is decoupled in the earth-fixed inertial frame {I}. Assume that each vehicle has its own desired trajectory η ref i (t) (continuous and differentiable). The reference trajectory vector becomes
The torque control vector is used to eliminate nonlinearities from the nonlinear model (Erol et al., 2018) and to ensure the asymptotic stability of the tracking error. Consider the following control vector (Isidori, 1989) :
Since M > 0 and R(ψ) ∈ SO (3), substituting (4) into (3), the closed-loop system in the inertial frame leads toë
where the gains are chosen as
is the damping ratio and ω i > 0 is the natural frequency of the i-th vessel in the closed-loop. Therefore, the PD-feedback linearization controller ensures asymptotic convergence of the tracking error to zero. The natural frequency parameter is used to speed up the movement of the vessel in the absence of obstacles. However, in the presence of obstacles, this parameter is decreased in order to slow down the dynamics of vessels. The PD-feedback linearization controller is valid under the assumption that all parameters of the nonlinear model (3) are known. To overcome this issue, a parameter adaptation law can be combined with the previous PD-controller (Skjetne et al., 2005) . In addition, in this work it is assumed that all vessels are equipped with measurement systems that provide a full state measurement.
2.3.
Nonlinear constrained control allocation. In marine vessels, the generalized control forces τ ∈ R 3 , are distributed throughout available actuators (thruster, rudders, etc.) as control inputs γ ∈ R p and θ ∈ (−π, π) r , where p denotes the number of actuators. The relation between the generalized forces and the control signals is nonlinear and it is given as follows (Fossen, 1994; Johansen and Fossen, 2013) :
where K ac ∈ R p×p is a diagonal force coefficient matrix, f = K ac γR = [f 1 f 2 f 3 ] T is the vector of forces developed by the actuators, θ = [θ 1 θ 2 ] T is the vector of the azimuth angles of the rotatable thruster and T (θ)) ∈ R 3×p is the actuator configuration matrix. The configuration matrix T (θ) is made by of a set of column vectors T i (θ) ∈ R 3 and it is defined for p = 3 (3 actuators among which two are rotatable) (Fossen, 1994) as
for an azimuth thruster (i = 1, 2) and T 3 (θ) = [0 1 l x3 ] T for the tunnel rudder.
The control allocation problem permits to calculate, for each control torque τ , the corresponding optimal set of control inputs (f i , θ i ). To this end, the following nonlinear constrained optimization problem is solved (Fossen, 1994) :
such that
where p i > 0(i = 1, 3) are positive weights for actuators forces, Q ∈ R 2×2 is a positive-definite weighting matrix for azimuth angles. Here f min ≤ f ≤ f max is the feasible interval of the applied forces and θ min ≤ θ ≤ θ max is the feasible interval for azimuth angles (Fossen and Johansen, 2006) . Due to the presence of nonlinear constraints, the optimization problem (7) is non-convex and to reach an optimal solution, the solver needs a huge amount of computations and time processing. Fossen and Johansen (2006) have used iterative solutions based on linear programming methods to solve this kind of non-convex optimization problem.
Problem formulation
Consider N unmanned surface vehicles, with arbitrary shapes navigating at sea. The marine vehicle is included inside a virtual disk with radius of R i , i = 1, 2, . . . , N (Fig. 1) . The safety distance of each vehicle is denoted by
where r i is the radius of the vehicle or the maximum length of the ship from its centre. The goal of this work is to simulate a swarm of marine crafts inside a given space Ω ∈ R 2 that are subject to static and/or dynamic obstacles. Hence, we define the configuration space of 
T is the Cartesian position of the i-th vehicle. The configuration is admissible when the motion of different USVs is safe without collision or overlap. This can be expressed mathematically as
where ij (q) = q i −q j −(R i +R j ) denotes the distance between disks i and j.
The safety navigation of USVs can be formulated as follows, starting from an admissible configuration at time t, q(t) ∈ W . To ensure a safe navigation of all vehicles at the next time (t + h) for a small value of h > 0, the next configuration should also be admissible, i.e., q(t + h) ∈ W . This implies that the constraint ij (q(t + h)) ≥ 0 should be satisfied. Using the first-order Taylor expansion, we deduce the constraint on the velocity vector as
where ∇ ij (q) is the gradient of the distance function.
This constraint will be used to generate the next configuration or the next reference position of USVs in order to avoid surrounding obstacles. In this regard, set the vector V (q) to be the desired velocity of all USVs. The admissible velocities providing no collision during navigation of USVs are defined as
Note that, in the absence of obstacles, the desired velocities are given by V (q) = U (q) = q targ − q(t) ∈ 2N . In the presence of obstacles, the proposed algorithm xi yi {I} i Fig. 1 . Arbitrary shape of the marine vessel immersed in the disc.
An automatic collision avoidance algorithm for multiple marine surface vehicles 763 looks for optimal velocities to escape from different surrounding obstacles by solving the following convex constrained optimization problem:
Consequently, the proposed scheme seeks for new directions V (q) of USVs close to the desired direction U (q) in order to bypass the surrounding obstacles. The desired position of the next configuration of marine vessels is then generated as q ref 
).
Therefore, the control algorithm (4) with (12) can be used to compute the optimal torques to escape collisions with surrounding obstacles and consequently move the marine vessel safely to the target. The optimization problem (11) is a quadratic programming (QP) problem. Thus, many standard numerical algorithms are available to solve this kind of problem. Further, a combination of new coding approaches, and increased computing power may solve this convex optimization problem in milliseconds (Mattingley and Boyd, 2010) 
Simulation results
To verify the effectiveness of the proposed obstacle avoidance algorithm applied to multiple unmanned surface vehicles, computer simulations were carried out using MATLAB. To this end, we adopted two different scenarios in our numerical simulations. The first is the case with a static obstacle, and the second with no static obstacle.
Case 1. (A static obstacle)
The first scenario that has been set up comprises three marine crafts where two are moving vehicles (craft 1 and craft 2 ) while the third one (craft 3 ) is static. The marine surface vehicles are represented by triangle shapes immersed in discs (Fig. 1) . The objective is to move craft 1 and craft 2 to their corresponding targets (Targ 1 and Targ 2) without colliding with the static obstacle and with each other. However, in the presence of obstacles, the vehicle utilizes the via-point reference trajectory induced from the collision-free path planning algorithm (11) and determines the adequate control vector to be applied to the i-th marine vehicle (i = 1, 2), using the PD controller (4) with control allocation (7)). In the absence of obstacles, the marine surface vehicle uses the PD feedback Algorithm 1. Real-time obstacle avoidance for the vessel i. 1. Initialization:
• control parameters: h, ω i , ζ i and q targ i • mathematical model coefficients in Eqn. (1) , 
Set the direction to the target:
7. Calculate η refi , 8. Compute the toque τ i using Eqn. (4) with e i = η i (t) − η refi , 9. Control allocation: Compute and apply f i and θ i .
End of the While loop.
linearization controller where the tracking error is the difference between the actual position of the USV and its desired position. MATLAB Optimization Toolbox is used to solve the non-convex optimization problem given in (7). For simplicity, identical marine vehicles are taken in this work. The mathematical model is taken from the physical ship called Cyber-Ship (Skjetne et al., 2005) , where its mass is 23.8 kg and its length is 1.255 m. The parameters of the mathematical model (1) are shown in Table 1 .
The control parameters used in the simulation for the gains K p and K d are ζ = 1 and for the natural frequency ω n = 4 rad/s in the absence of obstacles, while ω n = 0.8 rad/s in the presence of obstacles. Torque signals are saturated within τ max = 2 Nm and τ min = −2 Nm. The initial configuration is q(0) = [q 1 (0) q 2 (0) q 3 (0)] T where q 1 (0) = [0 0] T is the initial position of the Figure 2 shows the initial position and orientation of two vessels and the third vessel as a stationary obstacle. Figure 3 illustrates the tracking performance of moving vessels to their respective targets in the case of the absence of close obstacles. Figure 4 shows the navigation performances in the mid-path. In this case, obstacles were detected and the proposed algorithm was able to generate a collision free path q refi . These graphs clearly show how overlapping between different discs was avoided. Figure 5 depicts the movement of the crafts to their targets in the absence of obstacles. Figure 6 shows the path followed by the marine Fig. 2 . Initial positions.
surface vehicles from the departure points to the arrival targets. The two vessels have reached their targets without colliding with the static vessel nor with each other. Consequently, the proposed on-line algorithm was able to avoid detected dynamic and static obstacles. Figure 7 illustrates the variation in different distances between discs, where marine crafts are immersed. All distances are non-negative. This figure clearly shows that neither collision nor overlapping between different disks occurred during the navigation. Consequently, the trajectory planned by the proposed algorithm ensures an on-line free collision path planning from the initial position to the target. Figures 8 and 9 display the deduced torques, applied to the marine vessels, computed from the solution of the convex optimization problem. Note that using an Intel i7 desktop PC-8GB RAM, the time average of the solution of the loop is around 3.5 × 10 −5 s. Figure 10 shows the generated forces and the azimuth angles of craft 1 computed from the solution of the non-convex optimization problem (7) using torques shown in Figs. 8 and 9 . It is observed that all control forces are inside the saturation limits. Therefore, the computed forces are feasible and can be applied to craft 1 . For the azimuth angles, to avoid some unfeasible solutions, a saturation function has been added to keep all solutions inside the desired region. In this simulation, the forces are saturated within the interval −2N ≤ f ≤ 2N and the azimuth angles within the interval −35 • ≤ θ ≤ 35 • .
Case 2. (No static obstacle)
The second scenario consists in navigation of four ships without static obstacles. The initial configuration is q 0 = 0 0 0 30 0 30 15 15 .
It is desired to move these crafts to the desired position q targ = 30 30 30 0 30 0 15 15 .
Using these initial and final configurations, all ships will meet together at the mid-path. The algorithm has to find an optimal direction for each craft to navigate safely to the target. Figure 11 shows the beginning of the navigation of all ships, from their initial positions steering to the targets. Figure 12 illustrates the configuration of all USVs at the mid-path. Figure 13 clearly shows how the proposed algorithm was able to find an optimal direction for each USV in order to avoid the collision with other surface vehicles. Figure 14 depicts the final configuration of all surface vehicles reaching their targets with the generated paths.
It is to be noticed that the proposed algorithm can be used when COLREGs is not respected or in the case of a hazardous environment with low visibility and/or crowded marine traffic. Sensors measure the distance to the nearest obstacle and, whenever this distance is less than a threshold, the emergency obstacle avoidance algorithm imperatively is enabled since the crew cannot navigate the vessel safely. Consequently, the implementation of the proposed algorithm needs on-board advanced electronic equipment (sensors, digital signal processors, etc.).
Conclusion
In this paper, an algorithm for planning a collision-free path for multiple autonomous surface vehicles is proposed. The planned via-point trajectory is determined Fig. 7 . Distance between different discs. by solving a constrained convex optimization problem. The algorithm is combined with the PD-Feedback linearization controller to navigate the autonomous surface vehicle to its desired target without colliding with both dynamic and static obstacles. A control allocation approach was utilized to minimize the control efforts subject to constrained actuator forces and azimuth angles. The simulation results demonstrate the effectiveness of this algorithm. Hence, by providing necessary sensors and equipment on board, the use of this algorithm will increase the safety and reduce the financial loss that affects the marine sector. The advantages of the proposed algorithm, compared with some approaches cited in the introduction, can be summarized in terms of simplicity in its implementation, low time consumption, and the convergence of the solution to the global minimum is ensured. Additional research should be oriented firstly to include more general shapes of obstacles, and secondly, towards the real-time implementation of the discrete time algorithm on real vessels. 
